We briefly illustrate the impact of the genuinely weak one-loop virtual terms of the O(α S α 3 EW ) factorisable corrections to the three-jet cross section at √ s = M Z . Their importance for the measurement of α S at GigaZ luminosities is emphasised.
Three-jets events at leptonic colliders
In the case of e + e − annihilations, the most important QCD quantity to be extracted from multi-jet events is α S . The confrontation of the measured value of the strong coupling constant with that predicted by the theory through the renormalisation group evolution is an important test of the Standard Model (SM) or else an indication of new physics, when its typical mass scale is larger than the collider energy, but which can manifest itself through virtual effects. Not only jet rates, but also jet shape observables, which offer a handle on non-perturbative QCD effects via large power corrections, would be affected.
We report here on the calculation of the one-loop weak-interaction corrections to threejet observables in electron-positron annihilations through the order O(α S α via the interference of the graphs in Fig. 1 with the tree-level ones for γ * , Z →qqg final states, where the external γ * , Z current is intended to connect to an incoming e + e − fermion line. In the figure, the shaded blob represents all the contributions to the gauge boson self-energy and is dependent on the Higgs mass (we have set M H = 115 GeV for the latter). We neglect, however, loops involving the Higgs boson coupling to the fermion lines. The graphs in which the exchanged gauge boson is a W -boson are accompanied by those in which the latter is replaced by its corresponding Goldstone boson. There is then a similar set of diagrams in which the direction of the fermion line is reversed, with the exception of the last graph, as here reversal does not lead to a distinct topology. Corrections along the e + e − lines are also included in our analysis. In short, we compute the factorisable effects only, i.e., corrections to the initial and final states only. Whereas these should be sufficient to describe adequately the phenomenology of three-jet events at √ s = M Z , at energy scales much larger than the Z-boson mass one expects comparable effects due to the non-factorisable corrections, in which weak gauge-bosons connect via one-loop diagrams electrons and positrons to quarks and antiquarks, whose computation is currently in progress.
We will show that such factorisable corrections are of a few percent at √ s = M Z . Hence, while their impact is not dramatic in the context of LEP1 and SLC, where the total error on the measured value of α S is larger, at a future Linear Collider (LC) [1] , running at the Z mass peak (e.g., GigaZ), they ought to be taken into account in the experimental fits, as here the uncertainty on the value of the strong coupling constant is expected to be at the 0.1% level or even smaller [2] . The calculation has been performed using helicity amplitudes so that it can be applied to the case of polarised beams, option that is one of the strengths of the LC projects. Besides, another aspect that should be recalled is that weak corrections naturally introduce parity-violating effects in jet observables, detectable through asymmetries in the cross-section, which are often regarded as an indication of physics beyond the SM. Comparison of theoretical predictions involving parity-violation with future LC experimental data is regarded as another powerful tool for confirming or disproving the existence of some beyond the SM scenarios, such as those involving right-handed weak currents and/or new massive gauge bosons.
Calculation
For the techniques used in the calculation of the one-loop diagrams in Fig. 1 , as well as for the relevant SM input parameters, we refer the reader to [3] .
The three-parton cross section for e + e − →qqg can be written in terms of nine formfactors [4, 5] . The latter generate the doubly differential cross-section for three-jet production in terms of some event shape variable, S, which is in turn related to the energy fractions x 1 , x 2 of the antiquark and quark, respectively (
), by some function, s, i.e., S = s(x 1 , x 2 ), and of the polar and azimuthal angles, α, β, between, e.g., the incoming electron beam and the antiquark jet:
+ λ e cos α F 3 + sin 2α cos β F 4 + sin 2 α cos 2β F 5 + λ e sin α cos β F 6 + sin 2α sin β F 7 + sin 2 α sin 2β
The last three terms (F 7 , ...F 9 ) arise for the first time at the one-loop level, since they are proportional to the imaginary parts of the helicity-matrix 3 . F 3 , F 6 and F 7 vanish in the parity-conserving limit and can therefore be used as probes of weak interaction contributions to three-jet production. Moreover, F 3 and F 6 would be exactly zero at tree level if the leading order process were only mediated by virtual photons. Finally, notice that upon integrating over the antiquark angle relative to the electron beam, only the form-factor F 1 survives. (The expression of the nine form-factors in terms of the helicity amplitudes can be found in Ref. [3] .)
In general, it is not possible to distinguish between quark, antiquark and gluon jets, although the above expression can easily be adapted such that the angles α, β refer to the leading jet. However, (anti)quark jets can be recognised when they originate from primary b-(anti)quarks, thanks to rather efficient flavour tagging techniques (such as µ-vertex devices). We will therefore consider the numerical results for such a case separately.
Numerical results
The processes considered here are the following:
when no assumption is made on the flavour content of the final state, so that a summation will be performed over q = d, u, c, s, b-quarks, and
limited to the case of bottom quarks only in the final state. All quarks in the final state of (2)-(3) are taken as massless 4 . In contrast, the top quark entering the loops in both reactions has been assumed to be massive. We can systematically neglect higher order effects from Electro-Magnetic (EM) radiation without incurring into gauge-invariance violations. We do not include beamstrahlung corrections either.
It is common in the specialised literature to define the n-jet fraction R n (y) as
where y is a suitable variable quantifying the space-time separation among hadronic objects and with σ 0 identifying the (energy-dependent) Born cross-section for e + e − →qq. For the choice µ = √ s of the renormalisation scale, one can conveniently write the threejet fraction in the following form:
where the coupling constant α S and the functions A(y) and B(y) are defined in the MS scheme. An experimental fit of the R n (y) jet fractions to the corresponding theoretical prediction is a powerful way of determining α S from multi-jet rates. Leading-order (LO) terms enter A(y) while next-to-leading order QCD effects (hereafter, labelled as NLO-QCD) are embedded in B(y), see [8] , with contribution from both (genuine) three-and (unresolved) four-parton final states. The weak corrections of interest (hereafter, labelled as NLO-W) only contribute to the former. Hence, in order to account for these, it suffices to make the replacement A(y) → A(y) + A W (y) (6) in eq. (5). The jet multiplicity of the hadronic final state is determined through the implementation of so-called 'jet clustering algorithms' (see [9] for a description of their properties). Among the latter we use the JADE (J) [10] , Durham (D) [11] , Cambridge (C) [12] and Geneva (G) [13] ones. Fig. 2 displays 5 the A(y), −A W (y) and B(y) coefficients entering eqs. (5)- (6), as a function of y (a jet separation parameter [9] ) for the above four jet algorithms at √ s = M Z .
(Notice that A(y) and A W (y) for the C scheme are identical to those for the D one 6 .) A comparison between A(y) and A W (y) reveals that the NLO-W corrections are negative and remain at the percent level, i.e., of order α EM 2πs 2 W . They give rise to corrections to σ 3 (y) of -1%, and thus are generally much smaller than the NLO-QCD ones. In this context, no systematic difference is seen with respect to the choice of jet clustering algorithm, over the typical range of application of the latter at √ s = M Z (say, y cut > ∼ 0.005 for D, C and y cut > ∼ 0.01 for G, J).
As already mentioned, it should now be recalled that jets originating from b-quarks can efficiently be distinguished from light-quark jets. Besides, the b-quark component of the full three-jet sample is the only one sensitive to t-quark loops, hence one may expect 5 Hereafter, NLO QCD results are obtained from EERAD [14] . 6 The Cambridge algorithm in fact only modifies the clustering procedure of the Durham jet finder and the two implementations coincide for n ≤ 3 parton final states, as they use the same separation variable [9] . somewhat different effects from weak corrections to process (3) than to (2) (the residual dependence on the Zqq couplings is also different). This is confirmed by Fig. 3 , where we present the total cross section at √ s = M Z for e + e − → γ * , Z →bbg as obtained at LO and NLO-W, for our usual choice of jet clustering algorithms and separations. A close inspection of the plots reveals that NLO-W effects can reach the −2.0% level or so.
In view of these percent effects being well above the error estimate expected at a future high-luminosity LC running at the Z pole, it is then worthwhile to further consider the effects of NLO-W corrections to some other 'infrared-safe' jet observables typically used in the determination of α S , the so-called 'shape variables'. A representative quantity in this respect is the Thrust (T) distribution [15] . This is defined as the sum of the longitudinal momenta relative to the (Thrust) axis n T chosen to maximise this sum, i.e.:
where i runs over all final state objects. This quantity is identically one at Born level, getting the first non-trivial contribution through O(α S α 2 EW ) from events of the type (2)-(3). Also notice that any other higher order contribution will affect this observable. Through O(α (1 − T) dσ dT
Again, the replacement
accounts for the inclusion of the NLO-W contributions. We plot the terms Fig. 4 , always at √ s = M Z , alongside the relative rates of the NLO-QCD and NLO-W terms with respect to the LO contribution. Here, it can be seen that the NLO-W effects can reach the level of −1% or so and that they are fairly constant for 0.7 < ∼ T < ∼ 1. For the case of b-quarks only, similarly to what seen already for the inclusive rates, the NLO-W corrections are larger, as they can reach the −1.6% level.
The ability to polarise electron (and possibly, positron) beams joined with the high luminosity available render future LCs a privileged environment in which to test the structure of hadronic samples. As noted earlier, differential spectra may well carry the distinctive hallmark of some new and heavy strongly interactive particles (such as squarks and gluinos in Supersymmetry), whose rest mass is too large for these to be produced in pairs as real states but that may enter as virtual objects into multi-jet events. Similar effects may however also be induced by the NLO-W corrections tackled here. Observables where such effects would immediately be evident are the so-called the 'unintegrated' (or 'oriented') Thrust distributions associated to each of the form-factors in eq. (1) (wherein S = T), as can be seen in Fig. 7 of Ref. [3] . Here, as a benchmark for future studies along the above lines, we directly reproduce in Figs. 5-6 the differential structure of the nine form-factors given in eq. (1), as a function of the energy fractions x 1 and x 2 , at √ s = M Z (at this energy, the shape is basically the same for both final states in (2)- (3)), for the case of a left-and right-handed incoming electrons, respectively. Here, we should mention that the NLO-W corrections to the corresponding non-zero tree-level distributions were found of the order −(1-2)% on average for the case of the unflavoured sample and twice as much for the case of the b-quark one, with the corrections arising almost entirely from the left-handed incoming electrons 7 . Finally notice that all nine distributions in Figs. 5-6, in the presence of a precise determination of α and β (or, for that matter, any other combination of angles used to parametrise the event orientation), are directly observable in the case thebbg final state if also the charge (other than the flavour) of the quark is known, e.g., via high-p T lepton tagging from B-meson decays or via global jet charge determination. If not, all distributions in Figs. 5-6 have to be symmetrised around the x 1 = x 2 direction. In the case of the full hadronic sampleqqg, when no flavour tagging is available, one normally identifies the two most energetic jets in the three-jet sample with those originating from the quark-antiquark pair. Although not always true, this approach is known to be a good approximation for most studies (see, e.g., Ref. [16] ). Hence, even in this case one may be able to verify to a good approximation the shape of the form-factors F 1 , ...F 9 in terms of the energy fractions.
Summary
In conclusion, we have found that, at √ s = M Z , the size of the NLO-W corrections to three-jet rates and event shapes is rather small, of order percent or so, hence confirming that determinations of α S at LEP1 and SLC are stable in this respect and that the SM background to parity-violating effects possibly induced by new physics is well under control. In contrast, NLO-W effects ought to be included in the case of future high-luminosity LCs running at the Z pole, such as GigaZ, where the accuracy of α S measurements from such observables is expected to reach the 0.1% level. Effects from NLO-W corrections are somewhat larger in the case of b-quarks in the final state, in comparison to the case in which all flavours are included in the hadronic sample, because of the presence of the top quark in the one-loop virtual contributions. Since the exploitation of beam polarisation effects will be a key feature of experimental analyses of hadronic events at future LCs, we have computed the full differential structure of three-jet processes in the presence of polarised electrons and positrons, in terms of the energy fractions of the two leading jets and of two angles describing the final state orientation. The cross-sections were then parametrised by means of nine independent form-factors, the latter presented as a function of the (anti)quark energy fractions. Three of these form-factors carry parity-violating effects which cannot then receive contributions from ordinary QCD. For the two that are non-zero at LO, i.e., F 3 and F 6 , the NLO-W corrections were found as large as 4%, for the case of b-quarks. Such higher-order weak effects should appropriately be subtracted from hadronic samples in the search for physics beyond the SM. 
